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Chapter 1

Bombieri—Vinogradov

1.1 Statement

The main result is the Bombieri—Vinogradov theorem, which gives a strong estimate for primes
in arithmetic progressions on average over moduli.

Theorem 1. For each fized A > 0,

max ma ‘1/1( a) Y|« a
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uniformly for all x > 2 and 1 < Q < ﬁ
Proof. Apply 7 and absorb the error terms using 9. O

1.2 Assumptions

We take Siegel-Walfisz and the large sieve inequality as axioms.

Assumption 2. Let A,C > 0. If 1 < ¢ < (logz)” and a € (Z/qZ)*, then

Waia.0) = =+ 0ae (oiss )

Assumption 3. Let Q > 1, H€ Z, N € Z., and ¢ = (cy,1, ..., ¢, ) € CV We then have
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1.3 Definitions
Definition 4.
1
Ag(xig,a) = Z f(n) —ﬁ Z f(n)
n<z, n=a (mod q) Pl n<z,(n,q)=1

forx>1,¢geN



Theorem 5.

Mpaa=— 3 @)Y fmxmn)

#la) x  (mod g),xFxo n<y
Proof. O

Definition 6. For f: N — R and r : N we use f, to denote n — f(n)l(

n,r)=1

1.4 Reduction to A,

Bombieri-Vinogradov for ¢ is reduced to a bound for A, via the following steps.

Theorem 7. For each fized A > 0 we have

max max |Ax(y;q,a)| K
KQﬁgygme@/qzv‘ alBi 20| <4 (log )4

uniformly for x > 2 and 1 < Q < y/z/(log(x))A+3
Proof. Follows from 13 and the triangle inequality, combining the bounds 16, 23, and 35. O

Theorem 8.

AA<x;q7a>=w<x;q,a>—@ S Aw)
n<z,niq

Proof. O

Theorem 9. For all A€ N,

Z A(n) =z + O 4(x/log(z)? + log qlog x)

n<z,ntq

Proof. O

1.5 Vaughan’s Identity

The von Mangoldt function decomposes as A = Af + A + Ay, where UV < \/xz and U,V >
Viogz
e .

Definition 10. A* = p_y, xlog —(A_y * poy) x 1

Definition 11. A’ = (A gy *1) * poy

Definition 12. A_; =14 A

Theorem 13. Decompose A = A* + A° + A_;

Proof. O



1.6 Small Primes (A_;)

The contribution of the small part A_;; is bounded trivially.
Lemma 14.

ZA(n) < Ulogx

nly
Proof.

Lemma 15. Fory,U >0,qg€N and a € Z/qZ,

1Ay, (¥5 ¢, a)] < Ulogz
Proof.
Theorem 16. For each fited A >0, x> 2 and 1 < Q < \/x/(logx)A*3,

Z max max [Ay (y; ¢, a)] <QVr <y

S5 Vesy<a ac(Z/al) (log z)A+2

Proof.

1.7 Type I Sums (Af)

The sharp part Af is a type I sum, bounded via Abel summation.

Lemma 17. If f is an arithmetic function supported on [1,y] then

€T _
Apglas g a)= Y FO)A,(T: g, ak)
k<y
(k,q)=1
Proof.

Lemma 18. Forxz>1,q€ N and a € (Z/q2)*,
Ay (z; ¢, 0)] <1
Proof. Carefully consider length ¢ intervals. Alternatively, write

Al(t;q,a):% Z Z 1— Z 1

¢(q a’e(Z/qZ)* n<t n<t
n=a (mod q) n=a’ (mod q)

and note each inner difference is bounded by 1 in absolute value.

Lemma 19. If g is continuously differentiable on [1,x] then

A,(z: ¢, 0) = Ay(; g, 0) g(z) — / ALt g a) g () dt

Proof. By Abel summation.



Lemma 20. If g is continuously differentiable and monotone on [1,x] with g(1) = 0, then for
allt>1anda€ (Z/q2)*
1Ay (w5 ¢, a)] < 2g(x)

Proof. O

Theorem 21. Let v > 0 and let [ be an arithmetic function supported on [1,z]. For x > 2,
geNanda e (Z/qZ)",
A putoge (3 ¢, a)] < 2(log)” Y |f (k)

k<x

Proof. Straightforward application of the previous lemmas. O
Theorem 22. ForU,V>1,2>2,geN,r<z anda € (Z/q2)*,

max max |A 1 q,a) < UVlege

nas ae@/qz)*l A (W5 @5 a) g
Proof. Apply 21 twice: once with f = p_y ., v =1, and once with f = A_y; * poy ., v =0,
y=UV. O

Theorem 23. For each fited A>0, x>2 and 1 < Q < /z/(logx)4*3,

T
max max

g=0 VISysz a€g(Z/qz)*

(5 ¢, a)] <4 (loga)A

Proof. O

1.8 Type II Sums (A")

1.8.1 Definitions
Definition 24.

Definition 25.

1 *
TT(SU) Q) = Z YN Z max Sr(y,g)
togarema<ap P\ ¢ (o q) Vesver
1.8.2 Reduction to character sums

Lemma 26. This is a standard result. Let f be a function from Dirichlet characters. Then

Zf()zzf 41)1g

X (mod q) d|lqg & (mod d)
X#Xo

Proof. O

Lemma 27. Let f be an arithmetic function. Forr <z, ¢ > 1 and (a,q) =1,

Z (@)D _&m)f(n) =Y wla/d)p(d) Ay (y; d, a)

(mod q) n<y dlq



Proof. Fix P € N with ¢ | P. Define Fp and Gp on divisors of P by

FP(Q) = Z ZX Afrp(ya q, a )a

X#xo (mod Q) ny
Gpd) == Y &) &m)fp(n) (d>1), Gp(1)=0.
¢ (mod d) n<y

Since every non-principal character mod ¢ factors through a unique primitive character, Fp(q) =
Zd‘q G p(d). By Mobius inversion,

= ulg/d) Fp(d) = ulqg/d)A; (y; d, a).

dlq dlq
Set P = ¢ to conclude. O

Lemma 28.

|Apn(y; ¢, a)| < % Do > uld/s)els) Ay (y; s, a) TR > Z Sq/ay:€)

(,O(Q dlq sld (P(Q) d|q ¢ (mod d)
1<d<(logz)® d>(log )¢
Proof. O
Theorem 29.
ST S e Ay s ) < .
— u(d/s v (Y5 8, a ——
el | 47 4 Ao 49 0(q) (log ) A+

1<d<(logx)®

Proof. Push the absolute values inside, then

Z Z@(S) ‘AAQI(% 8 a)’ K40 Z (Z@ ) W

dlq, d<(logz)C s|d d<(logz)® \ s|d
X
« Y 4
A+2C+1
(log x) <(lomm)c
< v
(log )4+t

Theorem 30.

T
E max |Apn(y; g, a)| < E ( >
T<y<az log z)A
a<Q aef(z/yqz) r<Q (log z)

Proof. Sum the error from 29 over ¢ < @ using ) _ 1/p(n) < logz, then regroup the main
sum by r = ¢/d. O



1.8.3 Large sieve estimates

Theorem 31. Let f and g be arithmetic functions supported on [1, M| and [1, N] respectively.
Forz,Q >1,

S OY e

o) < (VMN + VM Q+ VN Q + Q) (1og) | /] gl
¢<Q x (mod q) =

Y (F*g)n)x(n)

n<y

Proof. Uses Cauchy—Schwarz and the large sieve inequality (3). The proof in the book uses the

classical version of Perron’s integral formula as 1, = [ TT %dt /(2m) + O(...) But we have

a different version in PNT+. T haven’t worked out how this changes the proof yet. O

Lemma 32.

N(n) = Z (f;x9;)(n)  forn <z,

U<2i<2z/V
where fj(k) = Aoy = 1)(k) Loj1cp<oi and gj(£> = u(l) 1V<1€§m/21'*1'
Proof. O
Theorem 33. Forz,Q>2, U,V €[l,z] and r € N,

" o Qr Qo 3
qgéx (rzn;d ) ‘P(Q) IYIJ?;(ST(%X) < (aj—|— \/U+ \/‘7 +Q \/5) (1ng)

Proof. Apply the dyadic decomposition 32 (restricted to integers coprime to r) and apply 31 to

each dyadic piece. When summing over j note U < 27, so ZUQ]_ 2792 <« 1/V/TU. O
Theorem 34.
1 4 1 4 1 3
T(2.Q) « — , zlogo)® | a(logz)’ Qv (logz)
(logz) VU VvV r
Proof. Divide the sum defining 7, into dyadic intervals in d and apply 33. O

Theorem 35. For each fited A> 0,z >2 and 1 < Q < /z/(logx)4*3,

ma ma; Ay, q,0) <4 ———
(;zﬁgy);wae(l/;(l)*‘ A(y q )| A (logx)A

Proof. Plug the bound from 34 into 30, then choose U = V = eV!°8% and C' = A + 4. O
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